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1. Introduction

In the absence of exact analytical solutions to QCD at the Fermi scale, approximation meth-
ods are required to confront the theory with hadronic information. A particularly appealing
method is that of QCD sum rules [, based on the Operator Product Expansion (OPE) of
current correlators, and on the notion of quark-hadron duality. Dispersion relations relate
hadronic parameters, such as masses and couplings, to universal QCD parameters, e.g. the
strong coupling constant in the perturbative QCD sector, and vacuum expectation values
of gauge invariant quark and gluon field operators in the non-perturbative sector. These
vacuum condensates are organized according to dimension, and their numerical values can
be determined from data on hadronic spectral functions, e.g. as obtained from eTe™ anni-
hilation, or 7- lepton decay data. The former determines the vacuum condensates in the
vector channel, while the latter allows for the extraction of both vector and axial-vector
channel condensates. Given the important role they play in applications of QCD sum
rules, it is essential to determine the condensates with reasonable accuracy. Experimental
data on hadronic spectral functions reaches up to some maximum energy, beyond which
one expects perturbative QCD (PQCD) to provide a reasonable description of the current
correlator. This so called continuum threshold, sg, is typically sg ~ 1 — 3 GeV?2. The vac-
uum condensates are then expressed in terms of a dispersive integral of the experimental
spectral function up to s = sg, followed by a calculable integral of the PQCD expression
of the correlator. The latter obviously involves the strong coupling constant a(s). Hence,
there results a correlation between the extracted values of the vacuum condensates and the
input value of the QCD scale A entering a,(s). The resulting sum rules based on Cauchy’s
Theorem are called Finite Energy Sum Rules (FESR). A valuable feature of this approach
to the determination of the condensates is that, to first order in a(s), radiative corrections
to the condensates do not induce mixing of condensates of different dimension in a given
FESR [B]. This decoupling is absent in other sum rules, e.g. Laplace or Gaussian, which
then complicates substantially the analysis.



Some of the early determinations of the condensates [J] used values of A in the range
A ~ 100 —200 MeV, which is substantially below the current range A ~ 300 — 400 MeV [H].
Such high values of A seriously complicate the task of extracting the condensates, as we
pointed out a few times in the past [[i, fj]. The problem is that with increasing A, PQCD
becomes the dominant contribution to the FESR, and overwhelms the power corrections
above some critical value A.. We have estimated [f, f] this to happen for A. ~ 330 —
350 MeV. Another problem affecting the extraction of the vacuum condensates is the
slow saturation of dispersive integrals by the hadronic spectral function data. Unlike the
situation in deep inelastic electron-proton scattering, where precocious scaling is observed,
the approach to asymptotia in tau-lepton decay does not appear to be as fast. The final
ALEPH [fi] data for the chiral spectral function v(s) — a(s) shows clearly that this function
has not yet reached its asymptotic form dictated by PQCD, i.e. it does not vanish, even
at the highest energies attainable in 7-decay. If the asymptotic regime had been reached
precociously, let us say at s ~ 2 GeV?, then it would have been straightforward to calculate
the non-perturbative condensates with the help of the Cauchy integral. Since this is not
the case, some method to improve convergence must be used. We have shown [ff, B,
that in the framework of FESR this can be done after suitably reducing the impact of the
high energy region in the dispersive integral by using weighted sum rules. We used the
data in a weighted linear combination of the first two Weinberg sum rules, which follows
from the absence of dimension d = 2 and d = 4 operators in the chiral correlator, to
demonstrate the precocious saturation of the FESR and the remarkable effectiveness of
the method. Motivated by this success, we determined a number of QCD condensates by
making maximal use of the absence of d = 2 and d = 4 chiral operators, and requiring
strong stability, i.e. we varied the radius sg in the Cauchy integral beginning at the end of
T-decay phase space and required that the condensates calculated from the data should be
reasonably constant for all sg, in some finite region, including the end of phase space [
The results are in agreement with most independent determinations [[[J].

The next step is to proceed from chiral condensates to the extraction of individual
vector and axial-vector condensates. In this task, it is important to achieve a consistent
picture, e.g. the d = 4 condensates should be chiral symmetric (neglecting the small term
mg < qq >) as they are proportional to the gluon condensate. The same symmetry is
expected of potential d = 2 terms in the OPE, if present at all [, [[{]. In addition, individ-
ual values for vector and axial-vector condensates of dimension d = 6 should be consistent
with independent determinations of chiral condensates of the same dimension [, [[]. This
already poses a problem, as the chiral sum rules are independent of A (for vanishing light
quark masses), while the individual FESR are expected to introduce an appreciable corre-
lation between A and the condensates. The question is how strong is this correlation. In
this context, an issue often overlooked is the manifest difference between the saturation of
FESR by data in the vector as opposed to the axial-vector channel. The former involves the
rho-meson resonance peak at relatively low energy with a narrow width, while the latter
has the very broad a; resonance above 1 GeV. As a result of this, the difference between
the hadronic integral and the PQCD contribution, which essentially gives the condensates,
is saturated differently in the two channels. For instance, for dimension d = 2, saturation



in the vector channel is from above, while in the axial-vector case it is from below. An
important additional constraint is provided by data on the 7 hadronic width R,, which
involves QCD perturbation theory as well as vacuum condensates of dimension d = 6 and
d = 8. The theoretical expression for R, involves a different integration kernel as the FESR
giving the condensates; it can then be considered as a relatively independent constraint.
Developments in the perturbative QCD sector, i.e. Contour Improved Perturbation Theory
(CIPT) [[ should also be incorporated into the analysis. In fact, CIPT has been shown
to provide a faster approach to asymptotia than Fixed Order Perturbation Theory (FOPT).

In this paper we carry out this self consistent analysis using the latest and final ALEPH
data [[] on the separate vector and axial vector spectral functions. This data differs from
earlier ALEPH versions in that all data (as opposed to partial data sets) collected from
1991-1995 was used, and in that an increase in statistics has resulted in a reduction of the
overall errors. It is important to mention at this point that using previous ALEPH data
sets we were unable to obtain a consistent picture of the dimension d = 4 condensates in
the framework of FOPT. In fact, their signs differed, while they should have been identical.
This problem is not present if the latest ALEPH data is used. In section 2 we use FOPT,
and in section 3 we determine the condensates in the framework of CIPT. We favour a
separate determination for each dimension and for each channel, for a particular value of
A, as opposed to a single massive y-squared fit based on some exhaustive set of sum rules.
The latter poses the danger of masking the correlation between perturbative and non-
perturbative contributions to the dispersive integrals. At the same time, it is very likely
unstable with respect to the introduction of additional higher dimensional condensates. It
can also overlook chirality constraints, necessary to achieve an overall consistent picture.
As in the chiral case we find that a consistent picture can only be achieved on the basis
of weighted, often called pinched, sum rules. An essential input to such sum rules is
the absence of dimension d = 2 condensates. We shall show that this is indeed a viable
assumption. The conclusions are presented in section 4.

2. Fixed order perturbation theory
We begin by defining the vector and axial-vector correlators
) (%) =i / d*z e < 0|T(V,(z) V(0))]0 >, (2.1)
= (—9w ¢ + qu) Tv (¢*)
g% =i / d*z e < 0|T(Au(x) AL(0))0 > (2.2)
= (~9uw ¢° + quav) La(*) — quqv o(q?)

where V,, =: (uy,u — dy,d) : /2, and A, =: (@y,v5u — dy,vs5d) = /2. Considering these
(charge neutral) currents implies, in perturbative QCD, the normalization

1 1 1
;ImH‘%CD (s) = ;ImH%CD (s) = 2 (1 + % +.. > . (2.3)
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Figure 1: The channel-averaged dimension d = 2 vacuum condensate from eq. (.7) for (a):
A =300 MeV, and (b): A =350 MeV.

The OPE of the current correlators eqs. (R.1)-(R.J) may be written as
CD
8T2TI(Q%)|, }j@NQMQ,%<Omw%>mb (24)

where the term N = 0 stands for the purely perturbative QCD expression. An alternative
definition of the condensates, used often in the literature is

Con(Q%, 1%) < Oan(1®) > lva =81 Oan(Q)lvia- (2.5)
In FOPT one first calculates the Cauchy contour integral for fixed o ()
1 50 1
—— II(s )\QCD —/ ds s = ImTI(s)|y.a (2.6)
2 |s‘:so 0 s

after which one performs the Renormalization Group (RG) improvement. This leads to

N e 2 [*° vl Sévﬂ
) <0 >=38 dss” —Im1Il(s) — ——— In(S0), 2.7
(=)" Canye 2IN+2 a /0 - (s) N+1) ~(s0) (2.7)

where N = 0,1,2,..., the label V,A is omitted in the sequel, and In(sp) is given by the
left hand side of eq. (R.§). An explicit calculation to five-loop order in PQCD yields

In(s0) = 1 + as(s0) + [as(s0)]” [Fs - %ﬁ]
1 B pr_ 1
Flas(so)l {F‘*_ (N +1) ( Bt 2) MR ]

2 7T
Halsol* {la-Totm - Zep - s Ba(re DA ) ey

B3 2 b 6 G
+62F3 + 5 —51] N2 2 <§51F3 + Zﬁ2> - mg} ;



where for three flavours, as used throughout in this paper, and in the MS scheme, the
coefficients are [[J]: 5 = —%, Bo = —%7, b3 = 3189623, F3 =1.6398, Fy = —10.2839. The
strong coupling constant in eq. (R.9), as(so) = as(so)/, to five-loop order is [[[4]

o (s0) agl)(so)Jr(O‘l)( )> (BfQInL>

T
1) 3
+<L (S°)> <g—22(ln2L InL — 1)+ 53>
1

n o~

m B1
(1) 4
_<L ﬂ30)> [% <ln3L 5ln2L—21 L+ > 3%—?31 nL + 61] ; (2.9)
where )
as’(sg) =2
e (2.10)

with L = In(sq/A?), and

149753 1078361 , 6508 50065 6472\ , 1093 4
bs = 44[ 6 3564(3_( 162 <3> ( 162 81 3> 729 ”F]
(2.11)

with ¢3 = 1.202. The five-loop constant ks is not yet known. We have estimated it [f
assuming a geometric series behaviour for those constants not determined by the renor-
malization group, i.e. k3 ~ k3/k; ~ 25, with k; = F3 and ko = Fy + 72(2/12. This is in
good qualitative agreement with other estimates [L5).

In order to compute the hadronic integral in eq. (R.7) we have used the latest and final
ALEPH data set [[]. This set includes together with each data point the statistical error,
and also the full error correlation matrix. The integration interval is divided in bins, and
the hadronic integral is computed as a function of sy in the standard fashion by addition,
taking into account error propagation and correlation. From eq. (B-7) with N = 0, we
determined the dimension d = 2 condensate in the vector and the axial-vector channel, for
A = 300 — 350 MeV. The results do not yield a consistent picture, as the vector channel
condensate is small and negative in the stability region around s ~ 1.7 — 2.3 GeV?, while
in the axial-vector channel it is mostly positive and numerically much larger. However,
constraining this condensate to be chiral-symmetric, and taking the average in the two
channels leads to a very stable result, consistent with zero, as shown in figure 1. The
criterion of stability, which is standard in this kind of analysis, is quite simple. Quantities
such as the vacuum condensates should be indepenedent of sg. Therefore, their values
are read in the region where they show the least dependence on sy, which should be high
enough to allow for the onset of perturbative QCD. Numerically the result is

1 . .
sl <> v+ i< On> yA] = 0.05 + 0.05 GeV? . (2.12)

For higher dimensional condensates, d > 4, results from these standard FESR are
inconclusive. For instance, the d = 4 gluon condensate is not positive definite in either
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Figure 2: The dimension d = 4 vacuum condensate from the vector channel in CIPT, eq. @),
for (a): A =300 MeV, and (b): A =350 MeV.
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Figure 3: The dimension d = 4 vacuum condensate from the axial-vector channel in CIPT,
eq. (B.G), for (a): A =300 MeV, and(b):A = 350 MeV.

channel. This is an indication that the asymptotic QCD regime has not been reached
at the scales accessible in 7-decay, at least in the vicinity of the positive real axis of the
contour integral. An attempt has been made to improve this situation by introducing an
integration kernel in eq. (R.) that vanishes at s = sg, i.e. one makes the substitution

N 1 —(s/s9)] for N =1,2,.... A meaningful use of these so called pinched moments
relies heavily on the assumption that there is no dimension d = 2 condensate. Results from



these weighted FESR are much better, provided A ~ 300 MeV. For larger values of A the

condensates are consistent with zero. Numerically we obtain

Cy < O4>|ya =0.10+0.05GeV? (A= 300 MeV) , (2.13)
Cs < Og > |y = —0.54+0.2 GeV" (A = 300 MeV) , (2.14)
Ce < O > |4 =—0.3%+02GeV" (A = 300 MeV) . (2.15)

In the case of d = 8, only the vector channel condensate shows reasonable stability
and has the value

Cs <Og>|y =06+0.2GeV® (A= 300MeV). (2.16)

The graphical dependence of the condensates on the continuum threshold sg, being
qualitatively similar in FOPT as in CIPT, will be shown in the next section. There,
we discuss the use of CIPT together with pinched moments which does lead to a more
consistent determination of the first few vacuum condensates with somewhat improved

accuracy.

3. Contour improved perturbation theory

Unlike the case of FOPT, where as(sg) is frozen in Cauchy’s contour integral, and the
RG is implemented after integration, in CIPT g is running and the RG is used before
integrating. It has been shown [[J] that in 7-decay CIPT is superior to FOPT. To proceed
we introduce the Adler function

d
D(s) = —s—TI(s) . 3.1
(5) = s T(5) (3.1)
From Cauchy’s theorem, and after an integration by parts, a relation between the

contour integrals of II(s) and D(s) is easily obtained

1 1

S ds
ds ()N II(s :——7{ — (s — s D(s) . 3.2
f M= T D). 62

After RG improvement, the perturbative expansion of the Adler function can be written
as

D(s) = 8—22 3 K [O‘S(_S)}m , (3.3)

—0 T
where ] Ko=Ki =1, Ky =F;3=1.6398 , K3 = F,+ %ﬁ% = 6.3710,, for three flavours,
and the unknown coefficient K4 = k3 ~ 25. Next, we introduce the moments

1 1

M (so) = %mmzof(m [INn+1,m(s0) = Tom(s0)] , (3.4)

where

INg =i 7%880 ds ()N [O‘S(_s)]m. (3.5)
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Figure 4: The dimension d = 6 vacuum condensate from the vector channel in CIPT, eq. @),
for (a): A =300 MeV, and (b): A =350 MeV.
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Figure 5: The dimension d = 6 vacuum condensate from the axial-vector channel in CIPT,
eq. (B-G), for (a): A =300 MeV, and (b): A = 350 MeV.

The vacuum condensates can then be expressed as

S0 ™
(—)Vsd™ [Mo(s0) — Mn(s0)] (3.6)

R 50 1
Conga < Oanyp >=(—)VT" 8n% s / ds [1 - (i)N] —Im I(s)
0

where a pinched integration kernel has been introduced. The Lh.s. of eq. (B.6) includes
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Figure 6: The dimension d = 8 vacuum condensate from the vector channel in CIPT, eq. @),
for (a): A =300 MeV, and (b): A =350 MeV.

radiative corrections up to order O(ay). Mixing of operators of dimension lower or higher
than the leading term occurs only at order O(a?) Bll, which can be safely neglected. In the
framework of CIPT [[J] the contour integrals, eq. (B.J), are calculated numerically using
for ag a numerical solution to the RG equation

das Z /Bn ag n+1 (3 7)

We have used a Modified Euler method to solve the RG equation at each integration
point in the complex s-plane, and a single step numerical integration to compute the contour
integral.

Using eq. (B-l) we first determine the dimension d = 2 vacuum condensates in the
vector and in the axial-vector channel. Results are comparable to those from FOPT, so
the numerical value of the channel-average condensate is still that of eq. (:13). Next, for
d = 4, and assuming Cy < Oy > \\4 4 = 0, the results in the vector and the axial-vector
channel are shown in figures 2 and 3, respectively, for the two values A = 300 MeV, curve
(a), and A = 350 MeV, curve (b). Although results in the axial-vector channel become
consistent with those in the vector channel only close to the end-point, at least such a
consistency is achieved. Numerically we find

0.15 £ 0.04 GeV* (A = 300 MeV)

3.8
0.07 £0.02 GeV* (A = 350 MeV) (38)

C4<O4>’V7A={

For larger values of A the process breaks down as Cy < O4 > |y vanishes and Cy <
Oy > | 4 becomes negative. This confirms our earlier claims about the existence of a critical



value A, ~ 330 — 350 MeV beyond which no meaningful determination of the condensates
is possible [f]-[f]. Proceeding to dimension d = 6, results are shown in figures 4 and 5,
for the same two choices of A. The condensate in the vector channel is reasonably stable
giving the values

—0.63 +0.12 GeV® (A = 300 MeV)

3.9
—0.35£0.12 GeV® (A = 350 MeV) (39)

CG<06>‘V:{

Results in the axial-vector channel change sign at so ~ 2.1 — 2.2 GeV?, and are then
barely conclusive. However, we can use the reasonably accurate determination of the

chiral condensate of d = 6
Co < Og > |y_u=—018£0.04, (3.10)
together with eq. (B.9) to obtain

—0.45 £0.13 GeV® (A = 300 MeV)

3.11
—0.17 £0.12 GeV® (A = 350 MeV) (3:11)

C@<06>‘A={

These results are in remarkable agreement with the values of Cs < Og > |4, if one
were to read off the condensate close to the end point (see figure 5)

—0.50 +0.15 GeV® (A = 300 MeV)

3.12
—0.18 £ 0.13 GeV® (A = 350 MeV) (812)

C@<06>‘A={

However, it should be kept in mind that the result eq. (B.10) is independent of A, as
there is no perturbative contribution to chiral sum rules (for vanishing light quark masses).
The sign of Cg < Og > |4 as obtained above does not agree with the so called Vacuum
Saturation (V.S.) approximation to estimate the four-quark contribution to Cs < Og >.
In fact, according to v.s. the ratio of vector to axial-vector condensates is negative

CG<O6>‘V_ 7

ARGl ae—— 1
CG<06>‘A 11 (3 3)

Reading off Cs < Og > |4 at lower values of sy, where it is positive, would give
Cs < Og > |4 ~ 0.2 — 0.3 GeV®, leading to a chiral value —(0.65 — 0.85) GeV® in serious
disagreement with eq. (B.1(J). From figure 5 one could always speculate that the fully
asymptotic region may have not been reached at 3 GeV?, and that a sign change in that
region could take place. It should be mentioned that using the previous versions of the
ALEPH data base, we obtain a positive sign for Cg < Og > |4, and a negative sign for
Cs < Og > |y, using FOPT and a pinched moment. However, this data base leads to
different signs for Cy < O4 > in the vector and axial-vector channels.

Not surprisingly, the situation with the dimension d = 8 condensate is considerably
worse. Results in the axial-vector channel are totally inconclusive: the condensate changes
sign in the middle of the integration region for both values of A. For instance, for sg >
1.8 GeV?, Cg < Og > |4 rises monotonically from zero to about 2.5 GeV® for A =

,10,
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Figure 7: The ratio R, in the vector channel. Data points are from eq. (B.15). Theoretical curves
are from CIPT, eq. (B.16), for A = 300 MeV, and (a): Cg < Op >= Cg < Og >= 0, (b):
Cs < Og > |y = —0.45GeV®, and Cg < Og > |y = 0.78 GeV®,

300 MeV. The vector channel provides an acceptable result only for A = 300 MeV, as
shown in figure 6. Reading values in the stability region so ~ 1.5 — 2.4 GeV? gives

Cs < Og > |y =0.8+0.2GeV® (A =300MeV). (3.14)

In this case it is not possible to use this result, together with the independent de-
termination of the condensate Cg < Og > |y_4 in the chiral limit, in order to obtain
Cs < Og > |4. In fact, at d = 8 there are chiral symmetric contributions, proportional
to the gluon condensate and to the single quark condensate, which vanish in the chiral

condensate [[[7].
We finally turn to the 7-ratio in either the vector or the axial-vector channel

S

S0 S0 ™

S0
R, = 24772\Vud]2SEW/ ds [1 —3(2)2 4 2(3)3] L) . (3.15)
0o 50

The theoretical expression of R, which follows from eqs. (2.4) and (B.4), again for
either the vector or the axial-vector channel, is

Cs < Og >
Ry :3’Vud’25EW{MO(So) -3 [MQ(SO) + 68736}
0
Cg < Og >
+ 2[M3(50) - 85748” ‘ 5.16)
0

The results for R, in the vector channel are shown in figure [|. Curve (a) corresponds
to eq. (B-16) for Cs < Og >= Cg < Og >= 0, and curve (b) for Cs < Og >= —0.45 GeV®,
Cs < Og >= 0.78 GeV®. The latter values are in very good agreement with the results

— 11 —



egs. (B.9) and (B.14). This is an independent confirmation of the strong correlation between
the values of the condensates and the value of A. The situation in the axial-vector channel
is inconclusive partly because of the large uncertainties in the condensates, and partly
because the data approach the asymptotic regime from below, rather from above as in the
vector channel.

4. Conclusion

In the framework of FOPT, and using standard FESR without the pinched kernel [1 —
(s/50)"], the dimension d = 2 condensate is consistent with zero after requiring it to be
chiral symmetric, and averaging over the two channels. However, the result, eq. (2.19),
does not exclude a very small value for this condensate. For dimension d > 4 no self
consistent picture is achieved. For instance, for d = 4 the gluon condensate comes out with
different signs in the vector and axial-vector channels. This overall situation improves with
the inclusion of the pinched kernel in the FESR, but then only if A ~ 300 MeV. Larger
values of A yield condensates consistent with zero. This agrees with our earlier observations
about the existence of a critical value A, ~ 330 — 350 MeV beyond which no meaningful
determination of the condensates is possible [H]-[f]. In the framework of CIPT, and using
weighted FESR, the overall picture improves. It is possible to accommodate larger values
of A up to A ~ 350 MeV, and to determine the condensates in the vector and axial-vector
channels with reasonable accuracy. It is also possible to achieve consistency in terms of
chirality: the gluon condensate turns out to have the same sign in both channels, and the
difference between the d = 6 condensates is consistent with independent determinations
from chiral sum rules. The sign of Cs < Og > |4, though, disagrees with the Vacuum
Saturation approximation, provided Cg < Og > |y is negative, as we have found here.
Of course, a change of sign in Cs < Og > |4 beyond 3 GeV? cannot be excluded. For
dimension d = &, only the vector condensate can be determined unambiguously, and then
only for A = 300 MeV. Given the strong correlation between A and the condensates, we
wish to suggest that in applications of QCD sum rules, values for the latter be used in
conjunction with the corresponding values of A. Because of this correlation, we find little
merit in averaging the results obtained from this analysis at different values of A.
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